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Abstract

In a real Hilbert space setting, we reconsider the classical Arrow–Hurwicz differential
system in view of solving linearly constrained convex minimization problems. We in-
vestigate the asymptotic properties of the differential system and provide conditions
for which its solutions converge towards a saddle point of the Lagrangian associated
with the convex minimization problem. Our convergence analysis mainly relies on a
‘Lagrangian identity’ which naturally extends on the well-known descent property of
the classical continuous steepest descent method. In addition, we present asymptotic
estimates on the decay of the solutions and the primal-dual gap function measured
in terms of the Lagrangian. These estimates are further refined to the ones of the
classical damped harmonic oscillator provided that second-order information on the
objective function of the convex minimization problem is available. Finally, we show
that our results directly translate to the case of solving structured convex minimiza-
tion problems. Numerical experiments further illustrate our theoretical findings.
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1. Introduction

Let X and Y be real Hilbert spaces endowed with inner products 〈 · , · 〉X , 〈 · , · 〉Y and
induced norms ‖ · ‖X , ‖ · ‖Y . Consider the minimization problem

inf {f(x) | Ax− b = 0Y }, (P)

where f : X → R is a convex and continuously differentiable function, A : X → Y a
linear and continuous operator, and b ∈ Y . We associate with (P) the Lagrangian

L : X × Y −→ R

(x, λ) 7−→ f(x) + 〈λ,Ax− b〉Y
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which, by construction, is a convex-concave and continuously differentiable bifunction.
A pair (x̄, λ̄) ∈ X × Y is a saddle point of the Lagrangian L if

L(x̄, λ) ≤ L(x̄, λ̄) ≤ L(x, λ̄), ∀(x, λ) ∈ X × Y.

It is well known that (x̄, λ̄) ∈ X×Y is a saddle point of L if and only if x̄ is a minimizer
of (P), λ̄ is a maximizer of the Lagrange dual to (P), that is

sup {−f∗(−A∗λ) − 〈λ, b〉Y | λ ∈ Y }, (D)

and the optimal values of (P) and (D) coincide; see, e.g., Ekeland and Témam [1].
Here, f∗ : X → R ∪ {+∞} denotes the Fenchel conjugate of f defined by f∗(u) =
sup {〈u, x〉X − f(x) | x ∈ X}, and A∗ : Y → X refers to the adjoint operator of A.
Equivalently, (x̄, λ̄) ∈ X×Y is a saddle point of L if and only if (x̄, λ̄) solves the system
of primal-dual optimality conditions

{

∇f(x) + A∗λ = 0X

Ax− b = 0Y

with ∇f denoting the gradient of f . Throughout the text, we denote by S×M ⊂ X×Y
the (possibly empty) set of saddle points of L. We recall that a saddle point of L exists
whenever (P) admits a minimizer and, for instance, the constraint qualification

b ∈ sriA(X)

is verified1. Here, for a convex set C ⊂ Y , we denote by

sriC = {x ∈ C |
⋃

µ>0

µ(C − x) is a closed linear subspace of Y }

its strong relative interior; see, e.g., Bauschke and Combettes [3]. We further recall that
(P) admits a minimizer whenever its feasible set is non-empty and, for instance, f is
coercive, that is, lim‖x‖X →+∞ f(x) = +∞. On the other hand, if the feasible set of (P)
is non-empty and f is strongly convex, then (P) admits a unique minimizer.

In this work, we reconsider the classical Arrow–Hurwicz differential system

{

ẋ+ ∇f(x) + A∗λ = 0X

λ̇+ b− Ax = 0Y

(AH)

relative to the convex minimization problem (P). The (AH) differential system was in
essence originated by Arrow and Hurwicz [4] (see also Kose [5], Arrow et al. [6]) and is
known to be intimately related to the mini-maximization of the Lagrangian L associ-
ated with (P). Indeed, given the above system of primal-dual optimality conditions, we
immediately observe that the zeros of the operator

T : X × Y −→ X × Y

(x, λ) 7−→ (∇xL(x, λ),−∇λL(x, λ)),

1We remark that, in the finite-dimensional case, the condition amounts to b ∈ A(X) which is commonly re-
ferred to as Slater assumption; see, e.g., Hiriart-Urruty and Lemaréchal [2].
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that is, the ‘generator’ of the (AH) differential system, are precisely the saddle points
of the Lagrangian L, i.e.,

(x̄, λ̄) ∈ S ×M ⇐⇒ T (x̄, λ̄) = (0X , 0Y ).

Moreover, the operator T is maximally monotone on X×Y as it is both monotone and
continuous; cf. Minty [7]. Therefore, S × M can be interpreted as the set of zeros of
the maximally monotone operator T and, as such, it is a closed and convex subset of
X × Y . The latter may also be deduced more elementary from the convexity-concavity
properties of the ‘saddle function’ L; cf. Rockafellar [8].

1.1. Preliminary facts

As emphasized by Rockafellar [9], the general theory for semi-groups of contractions
generated by maximally monotone operators (see, e.g., Crandall and Pazy [10], Brézis
[11]) applies to the Arrow–Hurwicz differential system (AH). These results, dating back
to the works of Kato [12] and Kōmura [13] (see also Browder [14]), imply that the
Cauchy problem associated with (AH) is well posed and that its (classical) solutions
(x, λ), (y, η) : [0,+∞) → X × Y verify the ‘non-expansiveness property’

d

dt

(

‖x(t) − y(t)‖2
X + ‖λ(t) − η(t)‖2

Y

)

≤ 0, ∀t ≥ 0.

If, in addition, the set S × M is non-empty, then the solutions (x(t), λ(t)) of (AH)
remain bounded and, in fact, weakly converge in average, as t → +∞, towards a saddle
point of the Lagrangian L (see Baillon and Brézis [15]), i.e., there exists (x̄, λ̄) ∈ S×M
such that

1

t

∫ t

0
(x(τ), λ(τ)) dτ ⇀ (x̄, λ̄) as t → +∞.

The (asymptotic) stability properties of the solutions of (AH) (in the sense of Lya-
punov) were further investigated by Venets [16] (see also Flåm and Ben-Israel [17]).
These results suggest that the solutions of (AH) tend towards a saddle point of L giv-
en that, for any (x, λ) ∈ X × Y with x /∈ S, it holds that

L(x̄, λ) ≤ L(x̄, λ̄) < L(x, λ̄), ∀(x̄, λ̄) ∈ S × M.

The above condition is, of course, trivially satisfied whenever f is strictly convex. In the
respective works, the authors further noted that the solutions (x, λ) : [0,+∞) → X×Y
of (AH) obey the ‘Lagrangian identity’

d

dt
L(x(t), λ(t)) + ‖ẋ(t)‖2

X = ‖λ̇(t)‖2
Y , ∀t ≥ 0. (1)

The identity, however, was not pursued any further due to its indefinite character. We
remark that, in the unconstrained case of (P), the above identity reduces to the well-
known ‘descent property’

d

dt
f(x(t)) + ‖ẋ(t)‖2

X = 0, ∀t ≥ 0
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associated with the classical continuous steepest descent method; see, e.g., Brézis [11],
Aubin and Cellina [18].

Finally, the exponential decay properties of the solutions of (AH) were investigated
by Polyak [19]. Using spectral arguments, the work provides conditions for which the
solutions (x(t), λ(t)) of (AH) converge at an exponential rate, as t → +∞, towards a
saddle point (x̄, λ̄) of L, i.e., for which there exists ρ > 0 such that

‖x(t) − x̄‖2
X + ‖λ(t) − λ̄‖2

Y = O
(

e−ρt
)

as t → +∞.

The decay rate estimates are, however, not derived in an explicit form.
In this work, our objective is to recover, unify and extend some of the previous results

on the classical Arrow–Hurwicz differential system (AH) in view of solving the linearly
constrained convex minimization problem (P). Using tools from monotone operator
theory, we focus our attention on the convergence properties of the solutions of (AH) and
further aim to characterize their limit within the set of saddle points of the Lagrangian.
We also intend to make a contribution to the issue of finding (explicit) decay rate esti-
mates on the solutions of (AH).

1.2. Presentation of the results

The mini-maximizing properties of the solutions (x, λ) : [0,+∞) → X × Y of (AH)
with respect to the convex minimization problem (P) and its associated Lagrange dual
(D) are conveniently measured in terms of the ‘primal-dual gap function’

t 7−→ L(x(t), · ) − L( · , λ(t))

relative to the set S × M . Whenever the function f is convex, we observe that the
solutions (x(t), λ(t)) of (AH) may fail to converge as t → +∞ even though the set of
saddle points of L is comprised of a single element. As a consequence, it is natural to
first study the average behavior of a solution of (AH). Using the notion of the Cesàro
average (σ, ω) : (0,+∞) → X × Y of a solution of (AH), viz.,

(σ(t), ω(t)) =
1

t

∫ t

0
(x(τ), λ(τ)) dτ,

we find that the solutions of (AH) obey in average, for any (ξ, η) ∈ S×M , the estimate

L(σ(t), η) − L(ξ, ω(t)) = O
(1

t

)

as t → +∞.

In this case, the Cesàro average (σ(t), ω(t)) of a solution of (AH) weakly converges, as
t → +∞, towards a saddle point of L. This result is in line with the work by Nemirovski
and Yudin [20] on the classical Arrow–Hurwicz method and may also be deduced more
elementary by the results of Baillon and Brézis [15].

Whenever f is strongly convex, we obtain more stringent mini-maximizing properties
of the solutions of (AH) relative to the primal-dual gap function. More precisely, we
show that the solutions (x, λ) : [0,+∞) → X×Y of (AH) evolve, for any (ξ, η) ∈ S×M ,
according to the estimate

L(x(t), η) − L(ξ, λ(t)) = o
( 1√

t

)

as t → +∞.
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Moreover, the solutions (x(t), λ(t)) of (AH) are proven to converge weakly, as t → +∞,
towards an element of the set of saddle points of L. In particular, we characterize the
weak limit of a solution of (AH) as the orthogonal projection of its initial data (x0, λ0) ∈
X × Y onto the (closed and convex) set S ×M , i.e.,

(x(t), λ(t)) ⇀ projS×M (x0, λ0) as t → +∞.

If, in addition, the linear operator A∗ is bounded from below, we observe that the so-
lutions of (AH) obey, for (ξ, η) ∈ S × M , the refined estimate

L(x(t), η) − L(ξ, λ(t)) = o
(1

t

)

as t → +∞.

In this case, it is proven that the solutions (x(t), λ(t)) of (AH) strongly converge, as
t → +∞, towards the unique saddle point of L.

Finally, we show that the solutions of (AH) decay asymptotically at an exponential
rate provided that f is twice continuously differentiable, satisfying

〈∇2f(x)(x− y), x− y〉X ≤ 2Df (y, x), ∀x, y ∈ X.

Here, Df denotes the Bregman distance associated with f , cf. Bregman [21], and ∇2f
refers to the Hessian of f . In particular, we show that under the above condition there
exists ρ > 0 such that the solutions (x, λ) : [0,+∞) → X × Y of (AH) verify, for any
(ξ, η) ∈ S × M , either one of the following exponential estimates:

L(x(t), η) − L(ξ, λ(t)) = O
(

e−2ρt
)

as t → +∞;

L(x(t), η) − L(ξ, λ(t)) = O(t2e−2ρt) as t → +∞.

This result complements the decay rate estimates obtained earlier by Polyak [19].

1.3. Organization

We begin our discussion by reviewing some basic properties of the solutions of (AH) in
the case of a convex objective function of the minimization problem (P). In Section 3,
we then investigate their asymptotic properties under the more stringent assumption of
a strongly convex objective function. In Section 4, we show that the solutions of (AH)
decay at an exponential rate provided that second-order information on the objective
function is available. In Section 5, we highlight that the results on the Arrow–Hurwicz
differential system (AH) may directly be conveyed to the case of solving structured
minimization problems. Finally, Section 6 is devoted to numerical experiments.

2. Basic properties

Let X×Y be equipped with the Hilbertian product structure 〈 · , · 〉 = 〈 · , · 〉X +〈 · , · 〉Y

and induced norm ‖ · ‖. Throughout the text, we assume that

(A1) f : X → R is convex and continuously differentiable;
(A2) ∇f : X → X is Lipschitz continuous on bounded sets;
(A3) A : X → Y is linear and continuous, and b ∈ Y .
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Consider the Arrow–Hurwicz differential system

{

ẋ+ ∇f(x) + A∗λ = 0X

λ̇+ b− Ax = 0Y

(AH)

with initial data (x0, λ0) ∈ X × Y , and recall that (x, λ) : [0,+∞) → X × Y is a
(classical) solution of (AH) if (x, λ) ∈ C1([0,+∞);X × Y ) and (x, λ) satisfies (AH) on
[0,+∞) with (x(0), λ(0)) = (x0, λ0). The following result is an immediate consequence
of the monotonicity of the operator

T : X × Y −→ X × Y

(x, λ) 7−→ (∇f(x) + A∗λ, b− Ax)

associated with the (AH) differential system; cf. Brézis [11, Theorem 3.1], Aubin and Cel-
lina [18, Theorem 3.2.1]. The existence and uniqueness of the (classical) solutions of
(AH) thereby follow at once from the Cauchy–Lipschitz theorem2; see, e.g., Haraux [22,
Proposition 6.2.1].

Theorem 2.1. For any (x0, λ0) ∈ X × Y , there exists a unique solution (x, λ) :
[0,+∞) → X × Y of (AH). Moreover,

(i) t 7→ ‖(ẋ(t), λ̇(t))‖ is non-increasing and

‖(ẋ(t), λ̇(t))‖ ≤ ‖T (x0, λ0)‖, ∀t ≥ 0;

(ii) limt→+∞‖(ẋ(t), λ̇(t))‖ exists.

Remark 2.2. We note that the assertions of Theorem 2.1 essentially remain valid even
under the assumption that f : X → R∪{+∞} is a proper convex lower semi-continuous
function. In this case, the (AH) dynamics generalize to the evolution system

{

ẋ+ ∂f(x) +A∗λ ∋ 0X

λ̇+ b −Ax = 0Y

with ∂f denoting the convex subdifferential of f . The existence and uniqueness of the
(strong) solutions of the above differential system are then deduced from the general
theory for semi-groups of contractions generated by maximally monotone operators; cf.
Brézis [11] (see also Pazy [23], Peypouquet and Sorin [24]).

In the following, let S × M denote the set of saddle points of the Lagrangian

L : X × Y −→ R

(x, λ) 7−→ f(x) + 〈λ,Ax− b〉Y

associated with the convex minimization problem (P). Using the convexity of f , we
immediately observe that, for any (x, λ), (y, η) ∈ X × Y , it holds that

〈T (x, λ), (x, λ) − (y, η)〉 ≥ L(x, η) − L(y, λ). (2)

2Given the above assumptions, it is easy to verify that (x, λ) 7→ T (x, λ) is Lipschitz continuous on the bounded
subsets of X × Y .
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Anchoring the above inequality to the set S×M yields the following integrability result
for the primal-dual gap function.

Proposition 2.3. Let S × M be non-empty and let (x, λ) : [0,+∞) → X × Y be a
solution of (AH). Then, for any (ξ, η) ∈ S × M ,

(i) limt→+∞‖(x(t), λ(t)) − (ξ, η)‖ exists;
(ii) it holds that

∫ ∞

0
L(x(τ), η) − L(ξ, λ(τ)) dτ < +∞.

Proof. (i) Let (ξ, η) ∈ S × M . Using (AH) together with (2), we have for any t ≥ 0,

d

dt

(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

/2 + L(x(t), η) − L(ξ, λ(t)) ≤ 0. (3)

Since (ξ, η) belongs to S×M , it follows that L(x(t), η)−L(ξ, η) ≥ 0 as well as L(ξ, η)−
L(ξ, λ(t)) ≥ 0 and thus,

L(x(t), η) − L(ξ, λ(t)) ≥ 0.

Consequently, t 7→ ‖(x(t), λ(t)) − (ξ, η)‖ is non-increasing and bounded from below on
[0,+∞) so that

lim
t→+∞

‖(x(t), λ(t)) − (ξ, η)‖ exists.

(ii) Integration of (3) over [0, t] yields

‖x(t) − ξ‖2
X/2 + ‖λ(t) − η‖2

Y /2 +

∫ t

0
L(x(τ), η) − L(ξ, λ(τ)) dτ

≤ ‖x(0) − ξ‖2
X/2 + ‖λ(0) − η‖2

Y /2.

(4)

Taking into account that ‖(x(t), λ(t)) − (ξ, η)‖2 ≥ 0, we obtain

∫ t

0
L(x(τ), η) − L(ξ, λ(τ)) dτ ≤ ‖x(0) − ξ‖2

X/2 + ‖λ(0) − η‖2
Y /2.

This majorization being valid for any t ≥ 0, taking the supremum gives

∫ ∞

0
L(x(τ), η) − L(ξ, λ(τ)) dτ < +∞.

Remark 2.4. Proposition 2.3(i) asserts that the solutions of (AH) remain bounded
whenever the set S ×M is non-empty. Conversely, it can be shown that the set S ×M
is non-empty whenever (AH) admits a bounded solution; cf. Pazy [23].

Let us next focus on the asymptotic properties of the solutions of (AH). To this end,
define the Cesàro average (σ, ω) : (0,+∞) → X × Y of a solution of (AH) by

(σ(t), ω(t)) =
1

t

∫ t

0
(x(τ), λ(τ)) dτ.
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The following result asserts the weak convergence of the Cesàro average of a solution of
(AH) and further provides an estimate on the decay of the primal-dual gap function.

Proposition 2.5. Let S × M be non-empty and let (σ, ω) : (0,+∞) → X × Y be the
Cesàro average of a solution of (AH). Then, for any (ξ, η) ∈ S ×M , it holds that

L(σ(t), η) − L(ξ, ω(t)) = O
(1

t

)

as t → +∞.

Moreover, there exists (x̄, λ̄) ∈ S × M such that (σ(t), ω(t)) ⇀ (x̄, λ̄) weakly in X × Y
as t → +∞.

Proof. Let (ξ, η) ∈ S ×M and recall from (4) that for any t ≥ 0,

‖x(t) − ξ‖2
X/2 + ‖λ(t) − η‖2

Y /2 +

∫ t

0
L(x(τ), η) − L(ξ, λ(τ)) dτ

≤ ‖x(0) − ξ‖2
X/2 + ‖λ(0) − η‖2

Y /2.

Dividing the above inequality by t > 0 and taking into account that ‖(x(t), λ(t)) −
(ξ, η)‖2 ≥ 0, we obtain

1

t

∫ t

0
L(x(τ), η) − L(ξ, λ(τ)) dτ ≤ 1

2t

(

‖x(0) − ξ‖2
X + ‖λ(0) − η‖2

Y

)

.

By Jensen’s inequality, as L( · , η) and −L(ξ, · ) are both convex, it follows

L(σ(t), η) − L(ξ, ω(t)) ≤ 1

2t

(

‖x(0) − ξ‖2
X + ‖λ(0) − η‖2

Y

)

and thus,

lim sup
t→+∞

t
(

L(σ(t), η) − L(ξ, ω(t))
)

< +∞.

The weak convergence of (σ(t), ω(t)) as t → +∞ is an immediate consequence of the
Opial–Passty lemma applied to the set S ×M ; cf. Passty [25].

Remark 2.6. We note that the weak ergodic convergence of the solutions of (AH) may
also be deduced from the general theory for semi-groups of contractions generated by
maximally monotone operators; cf. Baillon and Brézis [15] (see also Brézis [26] for a
localization result of the weak limit).

3. The strongly monotone case

In this section, we investigate the asymptotic properties of the solutions of (AH) under
the more stringent assumptions that

(A4) ∇f : X → X is α-strongly monotone, i.e.,

∃α > 0 ∀x, y ∈ X 〈∇f(x) − ∇f(y), x− y〉X ≥ α‖x− y‖2
X ;

(A5) S ×M ⊂ X × Y is non-empty.
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We recall that the latter assumption is verified whenever (P) admits a minimizer and,
for instance, the constraint qualification

b ∈ sriA(X)

holds; see, e.g., Bauschke and Combettes [3]. In turn, the former assumption implies
that S is reduced to a singleton.

3.1. Weak convergence

Let us begin with a result on the weak convergence of the solutions of (AH). Since f is α-
strongly convex (∇f being α-strongly monotone), we have for any (x, λ), (y, η) ∈ X×Y ,

〈T (x, λ), (x, λ) − (y, η)〉 ≥ L(x, η) − L(y, λ) + α‖x− y‖2
X/2. (5)

Utilizing this inequality relative to the set S ×M gives the following asymptotic prop-
erties of the solutions of (AH) and the primal-dual gap function.

Theorem 3.1. Let ∇f : X → X be α-strongly monotone, let S × M be non-empty,
and let (x, λ) : [0,+∞) → X × Y be a solution of (AH). Then, for any (ξ, η) ∈ S ×M ,
it holds that

L(x(t), η) − L(ξ, λ(t)) = o
( 1√

t

)

as t → +∞;

‖(ẋ(t), λ̇(t))‖ = o
( 1√

t

)

as t → +∞.

Moreover, there exists (x̄, λ̄) ∈ S × M such that (x(t), λ(t)) ⇀ (x̄, λ̄) weakly in X × Y
as t → +∞.

Proof. Let (ξ, η) ∈ S ×M . Using the ‘Lagrangian identity’ (1), we have for any t ≥ 0,

d

dt

(

L(ξ, η) − L(x(t), λ(t))
)

+ ‖ẋ(t)‖2
X + ‖λ̇(t)‖2

Y = 2‖ẋ(t)‖2
X .

Integration over [0, t] yields

L(ξ, η) − L(x(t), λ(t)) +

∫ t

0
‖ẋ(τ)‖2

X + ‖λ̇(τ)‖2
Y dτ

= 2

∫ t

0
‖ẋ(τ)‖2

X dτ + L(ξ, η) − L(x(0), λ(0)).

Since ∇f is α-strongly monotone, we readily deduce from Theorem 2.1(i) that

‖ẋ(t)‖2
X/2 + ‖λ̇(t)‖2

Y /2 + α

∫ t

0
‖ẋ(τ)‖2

X dτ ≤ ‖ẋ(0)‖2
X/2 + ‖λ̇(0)‖2

Y /2. (6)

Using this inequality together with the above equation, we obtain

L(ξ, η) − L(x(t), λ(t)) + ‖ẋ(t)‖2
X/α + ‖λ̇(t)‖2

Y /α+

∫ t

0
‖ẋ(τ)‖2

X + ‖λ̇(τ)‖2
Y dτ ≤ C,
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where C = L(ξ, η) −L(x(0), λ(0)) + ‖ẋ(0)‖2
X/α+ ‖λ̇(0)‖2

Y /α. Moreover, from (AH) and
the fact that T (ξ, η) = (0X , 0Y ), we infer

L(ξ, η) − L(x(t), λ(t)) = f(ξ) − f(x(t)) + 〈ẋ(t) + ∇f(x(t)), x(t) − ξ〉X

=
d

dt
‖x(t) − ξ‖2

X/2 +Df (ξ, x(t))
(7)

with Df denoting the Bregman distance associated with f . Since f is α-strongly convex,
we have Df (ξ, x(t)) ≥ α‖x(t) − ξ‖2

X/2 and thus,

L(ξ, η) − L(x(t), λ(t)) ≥ d

dt
‖x(t) − ξ‖2

X/2 + α‖x(t) − ξ‖2
X/2.

Using this inequality together with the fact that

α‖x(t) − ξ‖2
X/2 − α‖x(0) − ξ‖2

X/2 = α

∫ t

0

d

dτ
‖x(τ) − ξ‖2

X/2 dτ,

we obtain

L(ξ, η) − L(x(t), λ(t)) ≥ d

dt
‖x(t) − ξ‖2

X/2 + α

∫ t

0

d

dτ
‖x(τ) − ξ‖2

X/2 dτ

+ α‖x(0) − ξ‖2
X/2.

In view of the above derivations, we deduce

d

dt
‖x(t) − ξ‖2

X/2 + α

∫ t

0

d

dτ
‖x(τ) − ξ‖2

X/2 dτ + ‖ẋ(t)‖2
X/α+ ‖λ̇(t)‖2

Y /α

+α

∫ t

0
‖ẋ(τ)‖2

X/α + ‖λ̇(τ)‖2
Y /α dτ ≤ C − α‖x(0) − ξ‖2

X/2.

Multiplying the above inequality by eαt and integrating over [0, t] yields

α‖x(t) − ξ‖2
X/2 +

∫ t

0
‖ẋ(τ)‖2

X + ‖λ̇(τ)‖2
Y dτ ≤ C̃

for some sufficiently large constant C̃. Taking into account that ‖x(t) − ξ‖2
X ≥ 0 and

subsequently passing to the limit as t → +∞ gives

∫ ∞

0
‖ẋ(τ)‖2

X + ‖λ̇(τ)‖2
Y dτ < +∞.

Moreover, since t 7→ ‖(ẋ(t), λ̇(t))‖2 is non-increasing on [0,+∞), cf. Theorem 2.1(i), we
have for any t ≥ 0,

∫ t

t/2
‖ẋ(τ)‖2

X + ‖λ̇(τ)‖2
Y dτ ≥ t

(

‖ẋ(t)‖2
X + ‖λ̇(t)‖2

Y

)

/2.

Observing that ‖(ẋ, λ̇)‖2 belongs to L1([0,+∞);R) entails

lim
t→+∞

t
(

‖ẋ(t)‖2
X + ‖λ̇(t)‖2

Y

)

= 0.
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Finally, from inequality (5), we have for any t ≥ 0,

L(x(t), η) − L(ξ, λ(t)) + α‖x(t) − ξ‖2
X/2 ≤ 〈T (x(t), λ(t)), (x(t), λ(t)) − (ξ, η)〉.

In view of (AH) and the Cauchy–Schwarz inequality, we get

L(x(t), η) − L(ξ, λ(t)) + α‖x(t) − ξ‖2
X/2 ≤ ‖(x(t), λ(t)) − (ξ, η)‖‖(ẋ(t), λ̇(t))‖. (8)

Using that (x, λ) remains bounded on [0,+∞), cf. Proposition 2.3(i), there exists Ĉ ≥ 0
such that

L(x(t), η) − L(ξ, λ(t)) + α‖x(t) − ξ‖2
X/2 ≤ Ĉ‖(ẋ(t), λ̇(t))‖.

Multiplying the above inequality by
√
t gives

√
t
(

L(x(t), η) − L(ξ, λ(t)) + α‖x(t) − ξ‖2
X/2

)

≤ Ĉ
√
t‖(ẋ(t), λ̇(t))‖.

Observing that limt→+∞

√
t‖(ẋ(t), λ̇(t))‖ = 0, passing to the limit as t → +∞ yields

lim
t→+∞

√
t
(

L(x(t), η) − L(ξ, λ(t)) + α‖x(t) − ξ‖2
X/2

)

= 0.

The weak convergence of (x(t), λ(t)) as t → +∞ is an immediate consequence of the
Opial lemma applied to the set S ×M ; cf. Opial [27].

Remark 3.2. We note that the weak convergence of the solutions of (AH) may also
be deduced from the graph closedness property of the maximally monotone operator T
with respect to the weak-strong topology; see, e.g., Bauschke and Combettes [3]. Yet
another tool to establish the weak convergence of the solutions of (AH) is the concept of
demipositivity, first developed by Bruck [28] for monotone operators, and later extended
by Chbani and Riahi [29] to monotone bifunctions. However, the maximally monotone
operator T associated with the Lagrangian L of the convex minimization problem (P)
need, in general, not be demipositive. We leave the details to the reader.

To further localize the weak limit of a solution of (AH), recall that the set S ×M (if
non-empty) is of the form {x̄} × M , where x̄ ∈ X is the unique minimizer of (P) and
M ⊂ Y refers to the closed affine subspace of Lagrange multipliers, viz.,

M = {λ̄ ∈ Y | ∇f(x̄) +A∗λ̄ = 0X}.

The following result characterizes the weak limit of a solution of (AH) as the orthogonal
projection of its initial data onto the (closed and convex) set S × M .

Corollary 3.3. Under the hypotheses of Theorem 3.1, let (x̄, λ̄) ∈ S ×M be such that
(x(t), λ(t)) ⇀ (x̄, λ̄) weakly in X × Y as t → +∞. Then, (x̄, λ̄) = projS×M (x0, λ0).

Proof. Let (x̄, λ̄) ∈ S × M be such that (x(t), λ(t)) ⇀ (x̄, λ̄) weakly in X × Y as
t → +∞ and let (ξ, η) ∈ S × M be arbitrary. Using (AH) and the fact that T (ξ, η) =
(0X , 0Y ), we have for any t ≥ 0,

〈(x̄, λ̄) − (ξ, η), (ẋ(t), λ̇(t))〉 + 〈T (x(t), λ(t)) − T (ξ, η), (x̄, λ̄) − (ξ, η)〉 = 0.
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Observing that

〈T (x(t), λ(t)) − T (ξ, η), (x̄, λ̄) − (ξ, η)〉 = 〈∇f(x(t)) − ∇f(ξ), x̄− ξ〉X

+ 〈∇f(x̄) − ∇f(ξ), x(t) − ξ〉X ,

and noticing that the right-hand side of the above equation vanishes (as S is reduced
to a singleton), it follows that

〈(x̄, λ̄) − (ξ, η), (ẋ(t), λ̇(t))〉 = 0.

Integration over [0, t] yields

〈(x̄, λ̄) − (ξ, η), (x(t), λ(t)) − (x(0), λ(0))〉 = 0.

Since (x(t), λ(t)) ⇀ (x̄, λ̄) weakly in X × Y as t → +∞, we infer

〈(x̄, λ̄) − (ξ, η), (x̄, λ̄) − (x(0), λ(0))〉 = 0.

The above equality being true for any (ξ, η) ∈ S×M , we conclude by virtue of the pro-
jection theorem; see, e.g., Bauschke and Combettes [3].

Finally, as an immediate consequence of Theorem 3.1, we have the following refined
asymptotic estimates whenever A : X → Y is bounded from below3, i.e.,

∃β > 0 ∀x ∈ X ‖Ax‖2
Y ≥ β‖x‖2

X .

Corollary 3.4. Under the hypotheses of Theorem 3.1, let A : X → Y be bounded from
below. Then, for any (ξ, η) ∈ S × M , it holds that

L(x(t), η) − L(ξ, λ(t)) = o
(1

t

)

as t → +∞;

‖x(t) − ξ‖X = o
( 1√

t

)

as t → +∞.

Proof. Let (ξ, η) ∈ S × M . Since A is bounded from below, there exists β > 0 such
that for any t ≥ 0,

‖ẋ(t)‖2
X + β‖x(t) − ξ‖2

X ≤ ‖ẋ(t)‖2
X + ‖A(x(t) − ξ)‖2

Y .

Using (AH) together with the fact that Aξ − b = 0Y , we obtain

‖ẋ(t)‖2
X + β‖x(t) − ξ‖2

X ≤ ‖ẋ(t)‖2
X + ‖λ̇(t)‖2

Y .

Multiplying the above inequality by t and using limt→+∞ t‖(ẋ(t), λ̇(t))‖2 = 0, cf. The-
orem 3.1, we infer

lim
t→+∞

t
(

‖ẋ(t)‖2
X + β‖x(t) − ξ‖2

X

)

= 0.

3We recall that A : X → Y is bounded from below if and only if it is injective with closed range; see, e.g.,
Brézis [30].
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Moreover, from (5) together with T (ξ, η) = (0X , 0Y ), we observe that for any t ≥ 0,

L(x(t), η) − L(ξ, λ(t)) + α‖x(t) − ξ‖2
X/2 ≤ 〈T (x(t), λ(t)) − T (ξ, η), (x(t), λ(t)) − (ξ, η)〉

= 〈∇f(x(t)) − ∇f(ξ), x(t) − ξ〉X .

Using that ∇f is Lipschitz continuous on bounded sets, there exists γ ≥ 0 such that

L(x(t), η) − L(ξ, λ(t)) + α‖x(t) − ξ‖2
X/2 ≤ γ‖x(t) − ξ‖2

X .

Multiplying this inequality by t and using limt→+∞ t‖x(t) − ξ‖2
X = 0, we conclude

lim
t→+∞

t
(

L(x(t), η) − L(ξ, λ(t)) + α‖x(t) − ξ‖2
X/2

)

= 0.

3.2. Strong convergence

Let us now complement the previous discussion with a result on the strong convergence
of the solutions of (AH). To this end, we assume that A∗ : Y → X is bounded from
below4, i.e.,

∃β > 0 ∀y ∈ Y ‖A∗y‖2
X ≥ β‖y‖2

Y .

This clearly implies that the set S×M is reduced to {(x̄, λ̄)}, where x̄ ∈ X is the unique
minimizer of (P) and λ̄ ∈ Y refers to the corresponding Lagrange multiplier given by

λ̄ = −(AA∗)−1A∇f(x̄).

Proposition 3.5. Let ∇f : X → X be α-strongly monotone, let A∗ : Y → X be
bounded from below, and let (x, λ) : [0,+∞) → X ×Y be a solution of (AH). Then, for
(ξ, η) ∈ S × M , it holds that

L(x(t), η) − L(ξ, λ(t)) = o
(1

t

)

as t → +∞;

‖(x(t), λ(t)) − (ξ, η)‖ = o
( 1√

t

)

as t → +∞.

Consequently, (x(t), λ(t)) converges strongly, as t → +∞, to the unique element in
S × M .

Proof. Let (ξ, η) be the unique element in S×M . Using (AH) together with T (ξ, η) =
(0X , 0Y ) and the fact that ∇f is α-strongly monotone, we have for any t ≥ 0,

d

dt

(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

/2 + α
(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

≤ α‖λ(t) − η‖2
Y .

(9)

Since A∗ is bounded from below, there exists β > 0 such that

β‖λ(t) − η‖2
Y ≤ ‖A∗(λ(t) − η)‖2

X .

4We note that A∗ : Y → X is bounded from below if and only if A is surjective; see, e.g., Brézis [30].

13



Using again (AH) together with ∇f(ξ) + A∗η = 0X , we get

β‖λ(t) − η‖2
Y ≤ ‖ẋ(t) + ∇f(x(t)) − ∇f(ξ)‖2

X

and thus,

β‖λ(t) − η‖2
Y /2 ≤ ‖ẋ(t)‖2

X + ‖∇f(x(t)) − ∇f(ξ)‖2
X .

Since (x, λ) remains bounded on [0,+∞), cf. Proposition 2.3(i), and owing to the fact
that ∇f is Lipschitz continuous on bounded sets, there further exists γ ≥ 0 such that

β‖λ(t) − η‖2
Y /2 ≤ ‖ẋ(t)‖2

X + γ2‖x(t) − ξ‖2
X .

In view of the above derivations, we obtain

d

dt

(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

/2 + α
(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

≤ 2α‖ẋ(t)‖2
X/β + 2αγ2‖x(t) − ξ‖2

X/β,

which, by applying (9) again, reads

(β/2 + γ2)
d

dt

(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

+αβ
(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

≤ 2α‖ẋ(t)‖2
X .

Integration over [0, t] yields

(β/2 + γ2)
(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

+ αβ

∫ t

0
‖x(τ) − ξ‖2

X + ‖λ(τ) − η‖2
Y dτ

≤ 2α

∫ t

0
‖ẋ(τ)‖2

X dτ + (β/2 + γ2)
(

‖x(0) − ξ‖2
X + ‖λ(0) − η‖2

Y

)

.

Combining the above inequality with (6) gives

‖ẋ(t)‖2
X + ‖λ̇(t)‖2

Y + (β/2 + γ2)
(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

+αβ

∫ t

0
‖x(τ) − ξ‖2

X + ‖λ(τ) − η‖2
Y dτ ≤ C,

where C = ‖ẋ(0)‖2
X + ‖λ̇(0)‖2

Y + (β/2 + γ2)
(

‖x(0) − ξ‖2
X + ‖λ(0) − η‖2

Y

)

. Taking into

account that ‖(ẋ(t), λ̇(t))‖2 ≥ 0 and ‖(x(t), λ(t)) − (ξ, η)‖2 ≥ 0, and subsequently
passing to the limit as t → +∞ yields

∫ ∞

0
‖x(τ) − ξ‖2

X + ‖λ(τ) − η‖2
Y dτ < +∞.

Since t 7→ ‖(x(t), λ(t)) − (ξ, η)‖2 is non-increasing on [0,+∞), cf. Proposition 2.3(i), we
have for any t ≥ 0,

∫ t

t/2
‖x(τ) − ξ‖2

X + ‖λ(τ) − η‖2
Y dτ ≥ t

(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

/2.
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Noticing that ‖(x, λ) − (ξ, η)‖2 belongs to L1([0,+∞);R), we classically deduce

lim
t→+∞

t
(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

= 0.

Finally, recall from (8) that for any t ≥ 0,

L(x(t), η) − L(ξ, λ(t)) + α‖x(t) − ξ‖2
X/2 ≤ ‖(x(t), λ(t)) − (ξ, η)‖‖(ẋ(t), λ̇(t))‖.

Multiplying the above inequality by t and using limt→+∞

√
t‖(ẋ(t), λ̇(t))‖ = 0, cf. The-

orem 3.1, together with limt→+∞

√
t‖(x(t), λ(t)) − (ξ, η)‖ = 0, we infer

lim
t→+∞

t
(

L(x(t), η) − L(ξ, λ(t)) + α‖x(t) − ξ‖2
X/2

)

= 0,

concluding the desired estimates.

4. Exponential decay rate estimates

In this section, we provide decay rate estimates of exponential type on the solutions
of (AH) under the additional assumption that f is twice continuously differentiable. In
particular, we presuppose that

(A6) f : X → R satisfies condition (C), i.e.,

2Df (y, x) − 〈∇2f(x)(x− y), x− y〉X ≥ 0, ∀x, y ∈ X;

(A7) ∇2f( · ) : X → X is γ-bounded, i.e.,

∃γ > 0 ∀x, y ∈ X 〈∇2f(x)y, y〉X ≤ γ‖y‖2
X .

Here, Df denotes again the Bregman distance associated with f , cf. Bregman [21], and
∇2f refers to the Hessian of f . We remark that condition (C) is verified whenever f is
minorized by its second-order Taylor approximations.

4.1. ‘Primal exponential estimates’

Let us first establish exponential decay rate estimates on the solutions of (AH) in the
case when A : X → Y is bounded from below, i.e.,

∃β > 0 ∀x ∈ X ‖Ax‖2
Y ≥ β‖x‖2

X .

Theorem 4.1. Let ∇2f( · ) : X → X be α-elliptic and γ-bounded, and suppose that
A : X → Y is bounded from below with constant β. Let f : X → R satisfy condition
(C) and set

ρ =

{

α/2, if γ2 ≤ 4β,

min{α, γ −
√

γ2 − 4β}/2, if γ2 > 4β.

Let (x, λ) : [0,+∞) → X × Y be a solution of (AH). Then, for any (ξ, η) ∈ S ×M , the
following assertions hold:
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(i) If ρ2 − γρ+ β > 0, then it holds that

L(x(t), η) − L(ξ, λ(t)) = O
(

e−2ρt) as t → +∞;

‖(ẋ(t), λ̇(t))‖2 = O
(

e−2ρt) as t → +∞;

‖x(t) − ξ‖2
X = O

(

e−2ρt
)

as t → +∞;

(ii) If ρ2 − γρ+ β = 0, then it holds that

L(x(t), η) − L(ξ, λ(t)) = O
(

t2e−2ρt
)

as t → +∞;

‖(ẋ(t), λ̇(t))‖2 = O
(

t2e−2ρt
)

as t → +∞;

‖x(t) − ξ‖2
X = O

(

t2e−2ρt) as t → +∞.

Proof. Let (ξ, η) ∈ S × M and let ρ > 0 to be chosen. Using again the ‘Lagrangian
identity’ (1) together with (AH), we have for any t ≥ 0,

d

dt

(

‖ẋ(t)‖2
X + ‖λ̇(t)‖2

Y

)

/2 + 〈∇2f(x(t))ẋ(t), ẋ(t)〉X

+ ρ
d

dt

(

L(ξ, η) − L(x(t), λ(t))
)

+ ρ
(

‖ẋ(t)‖2
X + ‖λ̇(t)‖2

Y

)

= 2ρ‖ẋ(t)‖2
X .

Moreover, from equation (7), we obtain

d

dt

(

L(ξ, η) − L(x(t), λ(t))
)

=
d

dt
〈x(t) − ξ, ẋ(x)〉X

+ 〈∇2f(x(t))ẋ(t), x(t) − ξ〉X .

Combining the above expressions yields

d

dt

(

‖ẋ(t) + ρ(x(t) − ξ)‖2
X + ρ2‖x(t) − ξ‖2

X + ‖λ̇(t)‖2
Y

)

/2

+ 〈(∇2f(x(t)) − 2ρ Id)ẋ(t), ẋ(t) + ρ(x(t) − ξ)〉X

+ ρ
(

‖ẋ(t)‖2
X + ‖λ̇(t)‖2

Y

)

= 0.

Developing the term in the second line gives

d

dt

(

‖ẋ(t) + ρ(x(t) − ξ)‖2
X + ρ2‖x(t) − ξ‖2

X − 2ρDf (ξ, x(t)) + ‖λ̇(t)‖2
Y

)

/2

+ ρ
(

‖ẋ(t) + ρ(x(t) − ξ)‖2
X + ρ2‖x(t) − ξ‖2

X − 2ρDf (ξ, x(t)) + ‖λ̇(t)‖2
Y

)

+ 〈(∇2f(x(t)) − 2ρ Id)(ẋ(t) + ρ(x(t) − ξ)), ẋ(t) + ρ(x(t) − ξ)〉X

+ ρ2(

2Df (ξ, x(t)) − 〈∇2f(x(t))(x(t) − ξ), x(t) − ξ〉X

)

= 0.

Since ∇2f( · ) is α-elliptic and f satisfies condition (C), we obtain

d

dt

(

‖ẋ(t) + ρ(x(t) − ξ)‖2
X + ρ2‖x(t) − ξ‖2

X − 2ρDf (ξ, x(t)) + ‖λ̇(t)‖2
Y

)

/2

+ ρ
(

‖ẋ(t) + ρ(x(t) − ξ)‖2
X + ρ2‖x(t) − ξ‖2

X − 2ρDf (ξ, x(t)) + ‖λ̇(t)‖2
Y

)

+ (α− 2ρ)‖ẋ(t) + ρ(x(t) − ξ)‖2
X ≤ 0.
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An immediate integration over [0, t] shows that there exists C ≥ 0 such that

‖ẋ(t) + ρ(x(t) − ξ)‖2
X + ρ2‖x(t) − ξ‖2

X − 2ρDf (ξ, x(t)) + ‖λ̇(t)‖2
Y

+ 2(α − 2ρ)

∫ t

0
e−2ρ(t−τ)‖ẋ(τ) + ρ(x(τ) − ξ)‖2

X dτ ≤ Ce−2ρt.
(10)

Using that ∇2f( · ) is γ-bounded and that A is bounded from below with constant β,
we have both Df (ξ, x(t)) ≤ γ‖x(t) − ξ‖2

X/2 and ‖A(x(t) − ξ)‖2
Y ≥ β‖x(t) − ξ‖2

X . In
view of (AH) and Aξ − b = 0Y , we infer

‖ẋ(t) + ρ(x(t) − ξ)‖2
X + (ρ2 − γρ+ β)‖x(t) − ξ‖2

X

+ 2(α− 2ρ)

∫ t

0
e−2ρ(t−τ)‖ẋ(τ) + ρ(x(τ) − ξ)‖2

X dτ ≤ Ce−2ρt.
(11)

Let us now determine the largest value for ρ ∈ (0, α/2] such that ρ2 − γρ + β ≥ 0.
Clearly, if γ2 ≤ 4β, then ρ2 − γρ + β ≥ 0 holds for any ρ > 0. On the other hand, if
γ2 > 4β, then ρ2−γρ+β ≥ 0 is attained whenever ρ ≤ γ/2−

√

γ2 − 4β/2. Consequently,
we may take

ρ =

{

α/2, if γ2 ≤ 4β,

min{α, γ −
√

γ2 − 4β}/2, if γ2 > 4β.

We have either one of the following cases:
(i) Suppose that ρ2 − γρ+ β > 0. In this case, we deduce from (11) that

e2ρt‖ẋ(t) + ρ(x(t) − ξ)‖2
X ≤ C;

e2ρt‖x(t) − ξ‖2
X ≤ C

ρ2 − γρ+ β
.

Passing to the upper limit as t → +∞ yields

lim sup
t→+∞

e2ρt‖ẋ(t) + ρ(x(t) − ξ)‖2
X < +∞;

lim sup
t→+∞

e2ρt‖x(t) − ξ‖2
X < +∞.

Moreover, in view of the basic inequality

‖ẋ(t)‖2
X ≤ 2‖ẋ(t) + ρ(x(t) − ξ)‖2

X + 2ρ2‖x(t) − ξ‖2
X

and the fact that

‖λ̇(t)‖2
Y = ‖A(x(t) − ξ)‖2

Y ≤ ‖A‖2‖x(t) − ξ‖2
X ,

we obtain

lim sup
t→+∞

e2ρt(‖ẋ(t)‖2
X + ‖λ̇(t)‖2

Y

)

< +∞.

The remaining estimate is now readily deduced as in Corollary 3.4.
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(ii) Suppose now that ρ2 − γρ+ β = 0. In this case, we observe from (11) that

e2ρt‖ẋ(t) + ρ(x(t) − ξ)‖2
X ≤ C.

Passing to the upper limit as t → +∞ entails

lim sup
t→+∞

e2ρt‖ẋ(t) + ρ(x(t) − ξ)‖2
X < +∞.

Moreover, given the fact that

eρt‖x(t) − ξ‖X ≤ ‖x(0) − ξ‖X +

∫ t

0
eρτ‖ẋ(τ) + ρ(x(τ) − ξ)‖X dτ,

we deduce

eρt‖x(t) − ξ‖X ≤
√
Ct+ ‖x(0) − ξ‖X .

Taking the square and multiplying the resulting inequality by t−2 yields

t−2e2ρt‖x(t) − ξ‖2
X ≤ C + 2

√
C‖x(0) − ξ‖Xt

−1 + ‖x(0) − ξ‖2
X t

−2.

This majorization being valid for any t > 0, we conclude

lim sup
t→+∞

t−2e2ρt‖x(t) − ξ‖2
X < +∞.

The remaining estimates now follow at once.

The previous result complements the exponential decay rate estimates obtained by
Polyak [19] based on spectral arguments. We further note that the above decay rate es-
timates are comparable to the spectral bounds known for ‘saddle matrices’; cf. the sur-
vey paper by Benzi et al. [31, Section 3.4] and references therein.

Assuming, moreover, that ∇2f( · ) = α Id, we have the following refined exponential
decay rate estimates.

Corollary 4.2. Let ∇2f( · ) = α Id and suppose that A : X → Y is bounded from below
with constant β. Let (x, λ) : [0,+∞) → X × Y be a solution of (AH). Then, for any
(ξ, η) ∈ S × M , the following assertions hold:

(i) If α2 < 4β, then it holds that

L(x(t), η) − L(ξ, λ(t)) = O
(

e−αt) as t → +∞;

‖(ẋ(t), λ̇(t))‖2 = O
(

e−αt) as t → +∞;

‖x(t) − ξ‖2
X = O

(

e−αt
)

as t → +∞;

(ii) If α2 = 4β, then it holds that

L(x(t), η) − L(ξ, λ(t)) = O
(

t2e−αt
)

as t → +∞;

‖(ẋ(t), λ̇(t))‖2 = O
(

t2e−αt
)

as t → +∞;

‖x(t) − ξ‖2
X = O

(

t2e−αt) as t → +∞;
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(iii) If α2 > 4β, then it holds that

L(x(t), η) − L(ξ, λ(t)) = O
(

e−(α−δ)t) as t → +∞;

‖(ẋ(t), λ̇(t))‖2 = O
(

e−(α−δ)t
)

as t → +∞;

‖x(t) − ξ‖2
X = O

(

e−(α−δ)t
)

as t → +∞,

where δ =
√

α2 − 4β.

Proof. (i)–(ii) This is an immediate consequence of Theorem 4.1(i)–(ii).
(iii) Suppose that α2 > 4β and let ρ = (α + δ)/2, where δ =

√

α2 − 4β, so that
ρ2 − αρ + β = 0. From (11) and the fact that ∇2f( · ) = α Id, we observe that there
exists C ≥ 0 such that for any t ≥ 0,

e(α+δ)t‖ẋ(t) + ρ(x(t) − ξ)‖2
X ≤ C + 2δ

∫ t

0
e(α+δ)τ ‖ẋ(τ) + ρ(x(τ) − ξ)‖2

X dτ.

Applying Gronwall’s inequality yields

e(α+δ)t‖ẋ(t) + ρ(x(t) − ξ)‖2
X ≤ Ce2δt.

Using this inequality together with the fact that

e(α+δ)t/2‖x(t) − ξ‖X ≤ ‖x(0) − ξ‖X +

∫ t

0
e(α+δ)τ/2‖ẋ(τ) + ρ(x(τ) − ξ)‖X dτ,

we obtain

e(α+δ)t/2‖x(t) − ξ‖X ≤
√
C

δ
eδt + ‖x(0) − ξ‖X −

√
C

δ
.

Consequently,

e(α−δ)t‖x(t) − ξ‖2
X ≤ C

δ2
+ 2

√
C

δ

(

‖x(0) − ξ‖X −
√
C

δ

)

e−δt

+
(

‖x(0) − ξ‖X −
√
C

δ

)2
e−2δt.

Passing to the upper limit as t → +∞ yields the desired estimate. The remaining as-
sertions are now easily obtained.

Remark 4.3. The previous result essentially recovers the optimal decay rate estimates
known for the classical damped harmonic oscillator. Indeed, in the case when ∇2f( · ) =
α Id, we observe in view of an immediate differentiation that the solutions of (AH) fur-
ther obey the second-order dynamics

ẍ+ αẋ+ ∇‖A(x− x̄)‖2
Y /2 = 0X ,

where x̄ denotes the unique element in S. The above second-order differential system
was first introduced, from a more general optimization perspective, by Polyak [32] and is
known to inherit remarkable minimizing properties; see, e.g., Alvarez [33] and Attouch
et al. [34] for a general exposition.
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4.2. ‘Dual exponential estimates’

Let us now complement the previous discussion with decay rate estimates on the solu-
tions of (AH) under the assumption that A∗ : Y → X is bounded from below, i.e.,

∃β > 0 ∀y ∈ Y ‖A∗y‖2
X ≥ β‖y‖2

Y .

Proposition 4.4. Let ∇2f( · ) = α Id and suppose that A∗ : Y → X is bounded from
below with constant β. Let (x, λ) : [0,+∞) → X × Y be a solution of (AH). Then, for
(ξ, η) ∈ S × M , the following assertions hold:

(i) If α2 < 4β, then it holds that

‖λ(t) − η‖2
Y = O

(

e−αt
)

as t → +∞;

‖λ̇(t)‖2
Y = O

(

e−αt
)

as t → +∞;

(ii) If α2 = 4β, then it holds that

‖λ(t) − η‖2
Y = O

(

t2e−αt
)

as t → +∞;

‖λ̇(t)‖2
Y = O

(

t2e−αt) as t → +∞;

(iii) If α2 > 4β, then it holds that

‖λ(t) − η‖2
Y = O

(

e−(α−δ)t
)

as t → +∞;

‖λ̇(t)‖2
Y = O

(

e−(α−δ)t) as t → +∞,

where δ =
√

α2 − 4β.

Proof. Let (ξ, η) be the unique element in S ×M and let ρ > 0. Using similar deriva-
tions as in Theorem 4.1, we have for any t ≥ 0

d

dt

(

‖λ̇(t) + ρ(λ(t) − η)‖2
Y + ρ2‖λ(t) − η‖2

Y + ‖A∗(λ(t) − η)‖2
X

)

/2

+ ρ
(

‖λ̇(t) + ρ(λ(t) − η)‖2
Y + ρ2‖λ(t) − η‖2

Y + ‖A∗(λ(t) − η)‖2
X

)

+ 〈A(∇f(x(t)) − ∇f(ξ)), λ̇(t) + ρ(λ(t) − η)〉Y

− 2ρ‖λ̇(t) + ρ(λ(t) − η)‖2
Y = 0.

From ∇2f( · ) = α Id together with (AH) and Aξ − b = 0Y , we obtain

d

dt

(

‖λ̇(t) + ρ(λ(t) − η)‖2
Y + (ρ2 − αρ)‖λ(t) − η‖2

Y + ‖A∗(λ(t) − η)‖2
X

)

/2

+ ρ
(

‖λ̇(t) + ρ(λ(t) − η)‖2
Y + (ρ2 − αρ)‖λ(t) − η‖2

Y + ‖A∗(λ(t) − η)‖2
X

)

+ (α − 2ρ)‖λ̇(t) + ρ(λ(t) − η)‖2
Y = 0.

An immediate integration over [0, t] shows that there exists C ≥ 0 such that

‖λ̇(t) + ρ(λ(t) − η)‖2
Y + (ρ2 − αρ)‖λ(t) − η‖2

Y + ‖A∗(λ(t) − η)‖2
X

+ 2(α− 2ρ)

∫ t

0
‖λ̇(τ) + ρ(λ(τ) − η)‖2

Y dτ = Ce−2ρt.
(12)
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Since A∗ is bounded from below with constant β, we infer

‖λ̇(t) + ρ(λ(t) − η)‖2
Y + (ρ2 − αρ+ β)‖λ(t) − η‖2

Y

+ 2(α− 2ρ)

∫ t

0
‖λ̇(τ) + ρ(λ(τ) − η)‖2

Y dτ ≤ Ce−2ρt.

The desired estimates are now readily deduced.

Remark 4.5. The above result again retrieves the well-known decay rate estimates for
the classical damped harmonic oscillator. As in the previous case (and, in fact, dual to
our observation in Remark 4.3), we note that whenever ∇2f( · ) = α Id, the solutions of
(AH) further obey the second-order dynamics

λ̈+ αλ̇+ ∇‖A∗(λ− λ̄)‖2
X/2 = 0Y

with λ̄ denoting the unique element in M . We leave the details to the reader.

In order to obtain asymptotic estimates on the primal-dual gap function in the case
when A∗ is bounded from below, we utilize the following relation between the primal
and dual variables.

Lemma 4.6. Let ∇2f( · ) = α Id, let A∗ : Y → X be bounded from below with constant
β, and let (x, λ) : [0,+∞) → X × Y be a solution of (AH). Then, for (ξ, η) ∈ S × M ,
there exists C ≥ 0 such that for any t ≥ 0,

β‖(x(t), λ(t)) − (ξ, η)‖2 − ‖A(x(t) − ξ)‖2
Y − ‖A∗(λ(t) − η)‖2

X ≤ Ce−2αt.

Proof. Let (ξ, η) be the unique element in S ×M . Using (AH) together with the fact
that T (ξ, η) = (0X , 0Y ), we have for any t ≥ 0,

d

dt

(

β‖x(t) − ξ‖2
X + β‖λ(t) − η‖2

Y − ‖A(x(t) − ξ)‖2
Y − ‖A∗(λ(t) − η)‖2

X

)

/2

+ β〈∇f(x(t)) − ∇f(ξ), x(t) − ξ〉X − 〈∇f(x(t)) − ∇f(ξ), A∗A(x(t) − ξ)〉X = 0.

In view of ∇2f( · ) = α Id, the above equality reads

d

dt

(

β‖x(t) − ξ‖2
X + β‖λ(t) − η‖2

Y − ‖A(x(t) − ξ)‖2
Y − ‖A∗(λ(t) − η)‖2

X

)

/2

+α
(

β‖x(t) − ξ‖2
X + β‖λ(t) − η‖2

Y − ‖A(x(t) − ξ)‖2
Y − ‖A∗(λ(t) − η)‖2

X

)

+α
(

‖A∗(λ(t) − η)‖2
X − β‖λ(t) − η‖2

Y

)

= 0.

Since A∗ is bounded from below with constant β, we obtain

d

dt

(

β‖x(t) − ξ‖2
X + β‖λ(t) − η‖2

Y − ‖A(x(t) − ξ)‖2
Y − ‖A∗(λ(t) − η)‖2

X

)

/2

+α
(

β‖x(t) − ξ‖2
X + β‖λ(t) − η‖2

Y − ‖A(x(t) − ξ)‖2
Y − ‖A∗(λ(t) − η)‖2

X

)

≤ 0.

An immediate integration over [0, t] then shows that there exists C ≥ 0 such that

β‖x(t) − ξ‖2
X + β‖λ(t) − η‖2

Y − ‖A(x(t) − ξ)‖2
Y − ‖A∗(λ(t) − η)‖2

X ≤ Ce−2αt.
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Combining the above results finally gives the following asymptotic estimates.

Corollary 4.7. Let ∇2f( · ) = α Id and suppose that A∗ : Y → X is bounded from
below with constant β. Let (x, λ) : [0,+∞) → X × Y be a solution of (AH). Then, for
(ξ, η) ∈ S × M , the following assertions hold:

(i) If α2 < 4β, then it holds that

L(x(t), η) − L(ξ, λ(t)) = O
(

e−αt) as t → +∞;

‖(ẋ(t), λ̇(t))‖2 = O
(

e−αt) as t → +∞;

‖(x(t), λ(t)) − (ξ, η)‖2 = O
(

e−αt
)

as t → +∞;

(ii) If α2 = 4β, then it holds that

L(x(t), η) − L(ξ, λ(t)) = O
(

t2e−αt
)

as t → +∞;

‖(ẋ(t), λ̇(t))‖2 = O
(

t2e−αt) as t → +∞;

‖(x(t), λ(t)) − (ξ, η)‖2 = O
(

t2e−αt
)

as t → +∞;

(iii) If α2 > 4β, then it holds that

L(x(t), η) − L(ξ, λ(t)) = O
(

e−(α−δ)t
)

as t → +∞;

‖(ẋ(t), λ̇(t))‖2 = O
(

e−(α−δ)t
)

as t → +∞;

‖(x(t), λ(t)) − (ξ, η)‖2 = O
(

e−(α−δ)t
)

as t → +∞,

where δ =
√

α2 − 4β.

Proof. Let (ξ, η) be the unique element in S ×M and let ρ > 0. Since ∇2f( · ) = α Id,
by combining (10) with (12) and subsequently using (AH) together with the fact that
Aξ − b = 0Y , there exists C ≥ 0 such that for any t ≥ 0,

‖ẋ(t) + ρ(x(t) − ξ)‖2
X + ‖λ̇(t) + ρ(λ(t) − η)‖2

Y + ‖A(x(t) − ξ)‖2
Y

+ (ρ2 − αρ)
(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

+ ‖A∗(λ(t) − η)‖2
X

+ 2(α− 2ρ)

∫ t

0
e−2ρ(t−τ)κ(τ) dτ ≤ Ce−2ρt,

where κ(τ) = ‖ẋ(τ) + ρ(x(τ) − ξ)‖2
X + ‖λ̇(τ) + ρ(λ(τ) − η)‖2

Y . Since A∗ is bounded from
below with constant β, we observe from Lemma 4.6 that there exists C̃ ≥ 0 such that

β
(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

− ‖A(x(t) − ξ)‖2
Y − ‖A∗(λ(t) − η)‖2

X ≤ C̃e−2αt.

In view of the above inequalities, we obtain

‖ẋ(t) + ρ(x(t) − ξ)‖2
X + ‖λ̇(t) + ρ(λ(t) − η)‖2

Y

+ (ρ2 − αρ+ β)
(

‖x(t) − ξ‖2
X + ‖λ(t) − η‖2

Y

)

+ 2(α− 2ρ)

∫ t

0
e−2ρ(t−τ)κ(τ) dτ ≤ Ce−2ρt + C̃e−2αt.

The desired estimates are now easily derived.
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5. Structured convex minimization

In this section, we aim to extend some of our previous results on the Arrow–Hurwicz
differential system (AH) to the more general case of solving structured convex mini-
mization problems. Let X, Y and Z be real Hilbert spaces, and let X × Y × Z be
endowed with the product structure 〈 · , · 〉 = 〈 · , · 〉X + 〈 · , · 〉Y + 〈 · , · 〉Z and associated
norm ‖ · ‖. Consider the structured minimization problem

inf {f(x) + g(y) | Ax+ By − c = 0Z} (SP)

and suppose that the following assumptions are verified:

(A1)′ f : X → R and g : Y → R are convex and continuously differentiable;
(A2)′ ∇f : X → X and ∇g : Y → Y are Lipschitz continuous on bounded sets;
(A3)′ A : X → Z and B : Y → Z are linear and continuous, and c ∈ Z.

We associate with (SP) the Lagrangian

L : X × Y × Z −→ R

(x, y, λ) 7−→ f(x) + g(y) + 〈λ,Ax+ By − c〉Z ,

which, given the above assumptions, is a convex function with respect to (x, y) ∈ X×Y
and a concave (in fact, affine) function with respect to λ ∈ Z. We denote by S×U×M ⊂
X × Y × Z the (possibly empty) set of saddle points of the Lagrangian L.

Consider now the generalized Arrow–Hurwicz differential system















ẋ+ ∇f(x) + A∗λ = 0X

ẏ + ∇g(y) + B∗λ = 0Y

λ̇+ c−Ax− By = 0Z

(GAH)

with initial data (x0, y0, λ0) ∈ X × Y × Z and observe that (GAH) admits, for any ini-
tial data, a unique (classical) solution (x, y, λ) : [0,+∞) → X × Y ×Z. Recall that the
zeros of the maximally monotone operator

T : X × Y × Z −→ X × Y × Z

(x, y, λ) 7−→ (∇f(x) + A∗λ,∇g(y) + B∗λ, c−Ax−By)

are nothing but the saddle points of the Lagrangian L.
The following discussion suggests that our results on the (AH) differential system

directly convey to the (GAH) evolution system for solving the structured convex mini-
mization problem (SP).

Theorem 5.1. Let S × U ×M be non-empty and let (x, y, λ) : [0,+∞) → X × Y × Z
be a solution of (GAH). Then, for any (ξ, ψ, η) ∈ S × U ×M ,

(i) limt→+∞‖(x(t), y(t), λ(t)) − (ξ, ψ, η)‖ exists;
(ii) limt→+∞‖(ẋ(t), ẏ(t), λ̇(t))‖ exists;

(iii) it holds that

∫ ∞

0
L(x(τ), y(τ), η) − L(ξ, ψ, λ(τ)) dτ < +∞.
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Let the Cesàro average (σ, τ, ω) : (0,+∞) → X × Y × Z of a solution of (GAH) be
defined by

(σ(t), τ(t), ω(t)) =
1

t

∫ t

0
(x(τ), y(τ), λ(τ)) dτ.

We have the following asymptotic estimate on the primal-dual gap function.

Proposition 5.2. Let S×U×M be non-empty and let (σ, τ, ω) : (0,+∞) → X×Y ×Z
be the Cesàro average of a solution of (GAH). Then, for any (ξ, ψ, η) ∈ S ×U ×M , it
holds that

L(σ(t), τ(t), η) − L(ξ, ψ, ω(t)) = O
(1

t

)

as t → +∞.

Moreover, there exists (x̄, ȳ, λ̄) ∈ S × U × M such that (σ(t), τ(t), ω(t)) ⇀ (x̄, ȳ, λ̄)
weakly in X × Y × Z as t → +∞.

Let us now investigate the asymptotic properties of the solutions of (GAH) under
the more stringent assumption that

f + g : X × Y −→ R

(x, y) 7−→ f(x) + g(y)

is α-strongly convex (or, equivalently, ∇(f + g) : X × Y → X × Y is α-strongly mo-
notone). In this case, the following asymptotic properties are verified.

Theorem 5.3. Let ∇(f + g) : X×Y → X×Y be α-strongly monotone, let S×U ×M
be non-empty, and let (x, y, λ) : [0,+∞) → X × Y × Z be a solution of (GAH) with
initial data (x0, y0, λ0) ∈ X ×Y ×Z. Then, for any (ξ, ψ, η) ∈ S ×U ×M , it holds that

L(x(t), y(t), η) − L(ξ, ψ, λ(t)) = o
( 1√

t

)

as t → +∞;

‖(ẋ(t), ẏ(t), λ̇(t))‖ = o
( 1√

t

)

as t → +∞.

Moreover, (x(t), y(t), λ(t)) converges weakly, as t → +∞, to projS×U×M (x0, y0, λ0) ∈
S × U ×M .

Assuming, moreover, that (A B)∗ : Z → X × Y is bounded from below, i.e.,

∃β > 0 ∀z ∈ Z ‖(A B)∗z‖2
X×Y ≥ β‖z‖2

Z ,

we have the following refined asymptotic estimates.

Corollary 5.4. Under the hypotheses of Theorem 5.3, let (A B)∗ : Z → X × Y be
bounded from below. Then, for (ξ, ψ, η) ∈ S × U ×M , it holds that

L(x(t), y(t), η) − L(ξ, ψ, λ(t)) = o
(1

t

)

as t → +∞;

‖(x(t), y(t), λ(t)) − (ξ, ψ, η)‖ = o
( 1√

t

)

as t → +∞.
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Consequently, (x(t), y(t), λ(t)) converges strongly, as t → +∞, to the unique element
in S × U ×M .

Remark 5.5. The structured convex minimization problem (SP) has recently been ap-
proached by Attouch et al. [35] and Boţ and Nguyen [36] using the second-order non-
autonomous differential system



























ẍ+
ν

t
ẋ+ ∇xLµ(x, y, λ+ θtλ̇) = 0X

ÿ +
ν

t
ẏ + ∇yLµ(x, y, λ+ θtλ̇) = 0Y

λ̈+
ν

t
λ̇− ∇λLµ(x+ θtẋ, y + θtẏ, λ) = 0Z

(AAH)

with ν ≥ 3, µ ≥ 0, θ ∈ [1/(ν − 1), 1/2], and initial data (x0, y0, λ0), (v0, w0, µ0) ∈
X×Y ×Z. As a decisive feature, the (AAH) dynamics are governed by ‘asymptotically
vanishing damping coefficients’ which relate the above system to Nesterov’s accelerated
gradient method (see Nesterov [37], Su et al. [38]), and additional ‘exploration terms’
within the partial gradients of the augmented Lagrangian Lµ associated with (SP). This
particular structure allows for remarkably fast mini-maximizing properties with respect
to the Lagrangian L given the sole convexity hypothesis on the objective function of
(SP). In particular, the (classical) solutions (x, y, λ) : [t0,+∞) → X × Y ×Z of (AAH)
with t0 > 0 evolve, for any (ξ, ψ, η) ∈ S×U ×M , according to the asymptotic estimate
(see Attouch et al. [35], Boţ and Nguyen [36])

L(x(t), y(t), η) − L(ξ, ψ, λ(t)) = O
( 1

t2

)

as t → +∞.

If, in addition, ν > 3 and θ ∈ (1/(ν − 1), 1/2], then the solutions of (AAH) further re-
main bounded on [t0,+∞) and it holds that

‖(ẋ(t), ẏ(t), λ̇(t))‖ = O
(1

t

)

as t → +∞.

Assuming, moreover, that f+g : X×Y → R is strongly convex, then, for any (ξ, ψ, η) ∈
S × U ×M , the following estimate is verified (see Attouch et al. [35]):

‖(x(t), y(t)) − (ξ, ψ)‖X×Y = O
(1

t

)

as t → +∞.

The latter may be particularized to an exponential estimate by further introducing tem-
poral scaling factors in (AAH); cf. Attouch et al. [35, Remark 5.2].

In view of the above discussion, we observe that the second-order differential system
(AAH) clearly outperforms the first-order differential system (AH) in the case of a con-
vex objective function. However, this may not be the case, as we shall see next, whenever
the objective function is strongly convex.

6. Numerical experiments

In this section, we perform numerical experiments on the Arrow–Hurwicz differential
system (AH) to support our theoretical findings. In particular, we consider two simple
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Figure 1. Graphical view on the evolution of the primal-dual gap function L(x(t), η)−L(ξ, λ(t)), the squared
velocity ‖(ẋ(t), λ̇(t))‖2 , the squared error ‖x(t) − ξ‖2

X
, and the trajectories of the solution components x(t) =

(x1(t), x2(t)) of (AH) and (AAH).

but representative (strongly) convex minimization problems in two dimensions.

Example 6.1. Let X,Y = R
2 and consider the quadratic function f : R2 → R defined

by f(x1, x2) = (x2
1 − x1x2 + x2

2)/2. Clearly, f is α-strongly convex with α = 1/2.
Moreover, ∇2f( · ) is γ-bounded with γ = 3/2. Further, let A(x1, x2) = (x1, x2), b =
(1, 1), and observe that A is bounded from below with constant β = 1. The unique
minimizer of f subject to the linear constraints corresponds to ξ = (1, 1); with associated
Lagrange multiplier η = (−1/2,−1/2). The evolution of the primal-dual gap function
L(x(t), η) − L(ξ, λ(t)), the squared velocity ‖(ẋ(t), λ̇(t))‖2, the squared error ‖x(t) −
ξ‖2

X , and the trajectory of the solution component x(t) = (x1(t), x2(t)) of (AH) with
initial data x0 = (−1, 1) and λ0 = (1, 1) is depicted in Figure 1. For comparison, the
corresponding quantities of the (AAH) differential system are displayed with damping
parameter ν = 3, exploration coefficient θ = 1/2, and augmentation parameter µ = 1/2.
The initial data of the (AAH) differential system is set accordingly to x0 = (−1, 1),
λ0 = (1, 1), v0 = (0, 0), and µ0 = (1, 1).

Analyzing Figure 1, we observe that the solutions (x(t), λ(t)) of (AH) converge, as
t → +∞, towards the unique mini-maximizer (ξ, η) of the convex minimization problem
(P) and its associated Lagrange dual (D); cf. Proposition 3.5. Moreover, according to
Theorem 4.1(i), we find that the primal-dual gap function L(x(t), η) − L(ξ, λ(t)), the
squared velocity ‖(ẋ(t), λ̇(t))‖2 and the squared error ‖x(t) − ξ‖2

X obey the exponential
estimate O

(

e−αt
)

as t → +∞. Compared to the (AAH) dynamics for which the quantity

‖(ẋ(t), λ̇(t))‖2 evolves according to the estimate O
(

1/t2
)

as t → +∞ (even though the
damping parameter is chosen to be ν = 3), we find that the solutions of (AH) indeed

26



0 2 4 6 8 10 12 14 16 18 20
10 -12

10 -10

10 -8

10 -6

10 -4

10 -2

100

0 2 4 6 8 10 12 14 16 18 20
10 -10

10 -8

10 -6

10 -4

10 -2

100

0 2 4 6 8 10 12 14 16 18 20
10 -10

10 -8

10 -6

10 -4

10 -2

100

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Figure 2. Exponential decay properties of the primal-dual gap function L(x(t), η) − L(ξ, λ(t)), the squared
velocity ‖(ẋ(t), λ̇(t))‖2, and the squared error ‖(x(t), λ(t)) − (ξ, η)‖2 of the solutions (x(t), λ(t)) of (AH) for
distinct values of α.

admit a faster and less oscillatory decay. It is interesting to note that, in this example,
the primal-dual gap function L(x(t), η) − L(ξ, λ(t)) and the squared error ‖x(t) − ξ‖2

X

for (AAH) appear to obey the estimate O
(

1/t4
)

rather than O
(

1/t2
)

as t → +∞.

Example 6.2. Let X,Y = R
2 and consider the parameterized quadratic function f :

R
2 → R defined by f(x1, x2) = α(x2

1 + x2
2)/2 with α > 0. Further, let A(x1, x2) =√

2(x1 + x2)/2 and β =
√

2/2 so that A∗ is bounded from below with constant β = 1.
The unique minimizer of f subject to the linear constraints is denoted by ξ; with cor-
responding Lagrange multiplier η. Figure 2 illustrates the decay properties of the primal-
dual gap function L(x(t), η) − L(ξ, λ(t)), the squared velocity ‖(ẋ(t), λ̇(t))‖2, and the
squared error ‖(x(t), λ(t)) − (ξ, η)‖2 of the solutions (x(t), λ(t)) of (AH) for the distinct
values α = 1, α = 2, and α = 3. The initial data is set to x0 = (−1, 1) and λ0 = 1.

Figure 2 suggests that the solutions (x(t), λ(t)) of (AH) converge, as t → +∞, at an
exponential rate towards the unique mini-maximizer (ξ, η) of the convex minimization
problem (P) and its associated Lagrange dual (D). Indeed, the decay properties of the
solutions of (AH) may be categorized as predicted by Corollary 4.7: In case (i), we
have α2 < 4β with the rate estimate O

(

e−αt
)

as t → +∞. We refer to this case as the
‘under-damped case’ as the solutions of (AH) admit a significant oscillatory behavior.
In case (ii), we have α2 = 4β with the rate estimate O

(

t2e−αt
)

as t → +∞. This
case refers to the ‘critically-damped case’ for which we observe the fastest possible
convergence of the solutions of (AH). Finally, in case (iii), we have α2 > 4β with the
rate estimate O

(

e−(α−δ)t
)

as t → +∞, where δ =
√

α2 − 4β. In this case, referred to as
the ‘over-damped case’, the decay of the solutions of (AH) is considerably degraded.
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